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Upper bounck are established for the sum of the smallest and largest cardinalities of malrimal 
independent sets in Ample undirected graphs with p vertices and minimum degree k, for the 
cases k = 1,2 and k 2 $p. 
1. Iutrodactiou 
Let G = (V, E) be a simple undirected graph and 1’(G)(P( G)) be the cardinality 
of the smallest (largest) maximal independent sets of G (equivalently, indepen- 
dent dominating sets of G [l, p. 3091). 
Our problem is to find an upper bound for i(G)+ P(G) for a p vertex graph 
with minimum degree S(G) = k. Here we consider the cases k a$p and k = 1,2. A 
conjecture is presented for the remaining situation 3 s k c ip. 
2. Minimum degree at least $J 
Theorem 1. If k 2 $, then 
(i) i(G)+ P(G) s 2p -2k if p - k divides p; and 
(ii) i(G)+/3(G)s2p-2k-l otherwise. 
Furthermore these bounds are best possible. 
f. Let B be a largest independent set. A vertex of B joins at least k vertices 
of V- B. Hence k G/V-B(=y-P(G) and 
i(G) s p(G) s p - k. (1’ 
Thus i(G) + p(G) s 2(p - k). p - k divides p$ the complete multipartite graph, 
each of whose defining independent sets has p - k elements, has equality in (i). 
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Conversely, if i(G)+ P(G) = 2p -2/c, (1) implies that i(G) = P(G) = p - k. Hence 
every vertex is in a maximal independent set of size p - k. Further since 6(G) = k, 
each vertex in such a maximal independent set is adjacent to every vertex outside 
that set. It follows that V is partitionable into maximal independent sets of size 
p - k, that is, p - k divides p and G is the above described complete multipartite 
graph. Finally we note that the complete multipartite graph whose defining 
independent sets contain either p - k or p - k - 1 vertices satisfies equality in (ii). 
3. MMmum degree less than ip 
The required upper bound for k = 1 is contained in the following 
Theorem 2. If G has p vertices and 6(G) 2 1. then 
(1) 
Proof. Let Y be a maximum independent set in a graph G with S(G) > 1, that is, 
1 YI = p(G). Bv a result of Berge [ 1, p. 3091 Y is a minimal dominating set and .a 
hence by Theorem 13.1.4 of [3, p. 207-j: V- Y Zs R dominating set. Hence 
(2) 
where y(G) is the domination number of G [ 3,g. 2071. 
The following inequality for graphs with S(G) 2 1 was established in [2]. 
i(G)sp--y(G)+1 -[p-$)1. 
Combining this result and (2) we deduce 
“G)+P(G)~2(p_r(G))+l- . (3) 
Tf f!+)) is the right hand side of (3) with the ‘least integer signs removed, then 
i(G)+P(G)s mm f(y(G)). 
lq(G)~jp 
Elementary calculus shows that the maximum value is 2p + 2- 2ap taken when 
y = m. This completes the proof. 
In order to establish the upper bound for the case k - 2, we require the 
fcllowing pre!iminary result concerning the effect of an elementary graph 
horn< morphism (identification of two non-adjacent vertices) on the value of i(G). 
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2. Observing that Y is independent in GX,, we have P(G) 6 @(G,,) and Lemma 1 
gives i(G)< i(G,,)+ 1. Therefore 
i(G)+p(G)~i(C,,)+P(G,,)+ 1 
< 2(p - 1) + 5 - 2J4(p - 1) (using the induction hypothesis) 
This completes the proof of Theorem 3. 
Given positive integers k, 1 we construct a graph G as follows. Let G, be the 
totally disconnected graph &,,, where m = k(21- 1) and partition its vertices into I 
blocks B1,. . . , Bl each having m vertices. Leb G, be the complete multipartite 
graph with kl vertices whose defin ng independtnt sets c’,, . . . , C, each have k 
vertices. Finally G is the graph obtained from G, and G2 by the addition of all 
edges joining vertices of Bi to vertices of Ci for each i = 1, . . . ,2. 
It is easily verified that 
6(G) = k, i(G)= k +(I- l)m, P(G) = Im 
and ‘chat 
-- 
i(G)+p(G)=2p+2k_2d2kp. 
The special cases k = 1,2 show that the bounds of Theorems 2 and 3 are best 
possible and we are also led to the following conjecture whose proof has so far 
eluded us. 
Conjecture. If G has p vertices and 6(G) = k where 1~ k <&I, then 
i(G)+P(G)c2p+2k-2d&. 
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